BROWNIAN MOTION CONDITIONED TO STAY IN A 

CONE 



RODOLPHE GARBIT 

Abstract. A result of R. Durrett, D. Iglehart and D. Miller states that 
Brownian meander is Brownian motion conditioned to stay positive for 
a unit of time, in the sense that it is the weak limit, as x goes to 0, 
of Brownian motion started at a; > and conditioned to stay positive 
for a unit of time. We extend this limit theorem to the case of multi- 
dimensional Brownian motion conditioned to stay in a smooth convex 
cone. 



1. Introduction 

The purpose of this paper is to prove the existence of a process which is, 
in some sense, a multidimensional Brownian motion started at the vertex of 
a smooth convex cone and conditioned to stay in it for a unit of time. 

Let Coo be the space of continuous functions w : [0, -|-cxd) — > M*^, d > 1, 
endowed with the topology of uniform convergence on compact subsets, and 
let !F be the corresponding Borel ci-algebra. We shall use Coo as a concise 
notation for (Coo ) ^) ■ Weak convergence in the space of probability measures 
on Coo will be denoted by the symbol 

Let {Xt,t > 0} be the canonical process on Coo for which Xt{w) = w{t) 
for any w £ Coo- Consider an open cone C with vertex at the origin and 
let Tc = ini{t > : Xt ^ C} he the first exit time of the canonical process 
from C. For any x G C we define the law W^i of the Brownian motion 
started at x and conditioned to stay in C for a unit of time by the formula 

W^,i{*) = W,{*\tc>1) , 

where Wx is the distribution on Coo of the standard d-dimensional Brownian 
motion started at x. 

The main result of this paper is the following theorem (the precise def- 
inition of a nice cone is given in Section [SJ for example, any circular or 
ellipsoidal cone is nice). 

Theorem 1.1. Suppose C is a nice cone. As x £ C goes to 0, the law W^i 

converges weakly on Coo to a limit Wq \. 

For any t € (0,1], the entrance law WQ^i{Xt € dy) has the density e{t,y) 
(w.r.t. Lebesgue measure) given by the formula (jl6p . 
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Theorem 11.11 is the multidimensional analog of Durrett, Iglehart and 
Miller result ([4], Theorem 2.1) in which they consider Brownian motion 
conditioned to stay positive for a unit of time and identify the limit as 
the Brownian meander. In the case of two-dimensional Brownian motion, 
Theorem II. II is due to Shimura ([7j, Theorem 2). 

For geometric reasons, the extension of Shimura's result to higher dimen- 
sions is not straightforward. We first prove the convergence of the finite- 
dimensional distribution with the help of an explicit formula for the heat 
kernel of a cone given by Bahuelos and Smits in pLj. Then, we prove tightness 
of the laws W^i as a; G C — > using a principle already present in Shimura's 

article: IfWfi converges weakly as x tends to any point xq £ dC\{0}, then 
the tightness as x G C — > follows. For a two-dimensional cone, proving 
weak convergence of W^i as x — xq G dC \ {0} is quite easy because dC is 
locally linear at xq , so the proof is nearly the same as in the one-dimensional 
case. But in higher dimensions the geometry of the boundary of a cone is 
not so simple and we are led to a quite more general problem: Given an 
open set U and a point xq G dU, does the law W^i of Brownian motion 
started at x G f/ and conditioned to stay in U for unit of time converge 
weakly as x G C/ — > xq? The major part of this paper is in fact concerned 
with the study of this question. 

In Section [21 we consider the general problem of Brownian motion condi- 
tioned to stay in an open set U and give some useful properties of the con- 
ditioned laws W^i, such as the Markov property and a form of continuity 
with respect to the variable x. In Section [3l we recall Durret-Iglehart-Miller 
result on Brownian motion conditioned to stay positive which extends imme- 
diately to the case of Brownian motion conditioned to stay in a half-space. 
From the half-space case, we then derive in Section [4] a convergence theorem 
for W^i as X — > Xq G dU when U is nice at xq. This new result is based 
on the ball estimate (Lemma 14. 3 p which constitute the heart of this paper. 
Finally, in Section [5] we present a complete proof of Theorem II. H and we 
give some properties of the limit process, such as the distribution of its first 
exit time from the cone after time 1. 

Notations. If is a probability measure on a space {X,A), we will denote 
by n{f) the expectation of a measurable function with respect to fi. For 
a set A £ A and a measurable function /, the notation fi{A; f) stands 
for /i(lLA X /)) where TLa is the characteristic function of the set A. For 
consistency, fJ.{A; B) will often be preferred to ^{A n B). 



2.1. Markov property. Let U be an open subset of M and let tu be the 
first exit time from U . For any x £ U and t > 0, we set 



2. Basic facts about the conditioned laws 



wi:/*) = w,{*\Tu>t) 



W^{*;tu > t) 
W^{tu > t) 
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For convenience, we will also use the notation W^^ := Wx for any t < and 

Let J^t be the cr-algebra generated by the random variables {Xs,s < t}. 
The shift operator 6t on Coo is defined by 6t{w){s) = w{t + s). For any 
optional time r, we set = {A £ T : \/t > 0, An {t < t} £ J^t}- The laws 
inherit a strong Markov property from Brownian motion. The proof is 
standard and will be omitted here. 

Proposition 2.1 (Strong Markov property). Let x £ U and t > 0. For 

any optional time r, any A £ J^^+ and any positive measurable function 
f{s,w) : [0, +oo) X Coo — > we have 

Wi!^dA;T < t-f{T,9r-)) = W^^t [a-t < t; W^^M,t_.(/(5,-))|.=r) • 

2.2. Continuity. Let U be an open subset of W^. We will say that U 
is co-regular if Wx{tjj > 0) = for every x £ dU; that is, a Brownian 
motion started at any point of the boundary of U visits instantaneously the 
complement of U. For such a set, tu and tjj are almost surely equal. 

Proposition 2.2. Suppose U is co-regular. Then, for every bounded con- 
tinuous function f on Coo, the mapping {x,t) i— > W^^{f) is continuous on 
C/x(0,+oo). 

Proof. Since Wx{tu > t) > for any (x, t) £ Ux (0, +oo), it suffices to prove 
that the mapping (x,i) i— > Wx{f;Ti/ > t) is continuous on U x (0, +oo). 
Suppose Xn ^ X £ U and tn ^ t > Q. Set (l){w) = /(u;) and 

(t>n{w) = f{Xn-X+w) \ru>tn}{Xn-X+w) . Since WxSf]Tu > tn) = Wx{4)n) 

and Wx{f]Tu > t) = Wx{(p), it is enough to show that (t>n{w) (l>{w) for 
Wa;-almost every w. 

Set VL = {Xq = x;tu = t-jj ^ t}. It is well-known that Wx{tu = t) = 
([5], Theorem 4.7), and since U is co-regular we also have Wx{tu = T-g) = 0. 
Hence Wx{^) = 1- Now choose a path w £VL. Using the continuity of vo, it 
is easily seen that \^^^t„}{'^n- x + w) \^^^-t^{w). Hence </>„(«;) (piw) 
for W^-almost every w. □ 

2.3. Finite-dimensional distributions. Let [/ C be a co-regular open 
set and xq a boundary point of U. We shall now give a sufficient condition 
for the weak convergence of the finite-dimensional distributions of W^^, as 
X tends to xq, that only involves the first transitions. 

Proposition 2.3. Suppose that for any t £ (0,1), the first transition law 
W^i{Xt £ dy) converges weakly as x ^ xq to a probability measure for 

which dU is a null set. Then, the finite- dimensional distributions of W^^ 
converge weakly as x ^ xq to some probability measures. 

Proposition 12.31 follows from the Markov property and the continuity 
(Propositions [2T] and [2^2]) by standard arguments, so the proof will be omit- 
ted here. 
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For X G U and t > 0, the Markov property of Brownian motion gives 
W^AXt G dy) 



W^TU > 1) 

Since the transitions Wx{Xt G dy; tjj > t) of Brownian motion killed on the 
boundary of U have densities p^{t,x,y) with respect to Lebesgue measure 
dy, we get 

W^AX, G dy) = ^lll:jf^^ Wy{Tu >l-t)dy. 

Hence, proving convergence of the finite-dimensional distributions of W^^ 
consists essentially in finding an asymptotic formula for the heat kernel 
p^{t, X, y) as X — > xq. 

2.4. Neat convergence. Let U C M*^ be a co-regular open set and let xq 
be a boundary point of U. Suppose there exists a law W^^ ^ on Coo such 
that ^ W^^ I as X U tends to xq. We will say that the convergence 
is neat (or that W^i converges neatly to W^^^i as x G U ^ xq) if the limit 

process does not leave U before time 1, i.e. W^^^i{tu > 1) = 1. The next 
proposition gives a sufficient condition of neat convergence and states that 
the Markov property then holds for the limit process. 

Proposition 2.4. Suppose W^i ^ ^xo,i a; G [/ xq. 

If W^^ i{Xt G dU) = for all t G (0,1), then the convergence is neat and 

the limit process ^ satisfies the following Markov property: 
For all t > 0, A G Tt+ and B £ J^, 

(1) Wg^,{A;Ot'B) = W^, [A;Wl^,^t{B) 

Proof. Once it has been observed that the assumptions ensure that W^^ i{Xt G 
U) = 1 for all t G (0, 1), the Markov property of W^^ ^ follows from Propo- 
sitions 12.11 and 12.21 by standard arguments (see for example [5], Proof of 
Theorem 3.2). Then it remains to prove that W^^^^Tu > 1) = 1. But by 
the Markov property of W^^ ^, we have 

Wg^iC^t G (e, l],XtGU) = Wg^, {wl ,_^iTu > 1 - e)) = 1 

for all e G (0, 1), thus the expected result follows by letting e — > 0. □ 

Remark 2.5. Letting f ^ in ([1]) would give a zero-one law for Wg ^ 
{i.e. Wg i{A) = or 1 if ^ G ^o+) if we had the stronger assumption that 



^x,t ^ 1 ^) ~^ (^0) !)• Note that in the special case where U = C 

is a cone, the last convergence follows from the hypothesis W^i ^ VK^ i 
because of the scaling property of Brownian motion. More precisely, let Kt 
be the scaling operator defined for all w G Coo by Kt{w){s) = y/tw{s/t). 
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Recall that Wq is Xt-invariant. From the scaling invariance of the cone C, 
it is easily checked that W^^ = W^^^^ o Kf^. If {x,t) (xq,!), then 

x/\/t xq and by the continuous mapping theorem ([2j, Theorem 2.7) we 

get _ _ _ 

Therefore, the zero-one law follows under the hypothesis of Proposition 12.41 

3. The half-space case 

3.1. Brownian motion conditioned to stay positive. We will now re- 
call the one dimensional theorem of Durret, Iglehart and Miller ([4], Theo- 
rem 2.1) and give a sketch of their proof. Auxiliary results such as Lemma [3.2l 
and l3.3l shall also be used in Section HI Throughout this section we set d = 1 
and we denote by r+ = mi{t > : Xt < 0} the first exit time from the half- 
line (0, -|-oo). The related conditional laws will be denoted by W^i- 

The Brownian meander is an inhomogeneous Markov process with con- 
tinuous path that is obtained from Brownian motion by the following path 
transformation: Let a = max{t < 1 : = 0} be the time of the last zero 
before time 1, and let 

Xt = ^^\X{a + til-a))\ . 
y/1 — a 

Then, with respect to Wiener measure Wq, the process {Xt)t>o is the Brow- 
nian meander. Let Wq^ be the law of the Brownian meander on Coo- We 
have the following theorem. 

Theorem 3.1 ([4J, Theorem 2.1). As x > tends to 0, W^^^ T^g+p 

The idea of the proof of Theorem 13.11 is to turn the conditioned laws 
into unconditioned ones by the mean of well-chosen sections of the original 
process. Let us give some details. For all x >0, introduce the random time 

= m{{t >0:Xt = xandXs>0 for all se{t,t + 1]} . 

which is VFo-almost surely finite. The next lemma is straightforward: 

Lemma 3.2 ([4J, Lemma 2.2). As x ^ 0, converges almost surely to Tq 
with respect to Wq. 

To each time Tx we associate the shift operator (j)x '■= acting on Coo- 
We then have: 

Lemma 3.3 ([4], Lemma 2.3). For every x > 0, W^^ = Wq o (f>~^ . 

Lemma 13.31 gives an "unconditioned" representation of the laws W^-^^, 
x > 0. It is noteworthy that Wq o (j)^^ ^ilso make sense for x = whereas 
the definition of W^^ does not. From Lemmas 13.31 and 1 3.2^ it follows by the 
dominated convergence theorem that 



6 



R. GARBIT 



as X — > 0. Note that the hmit law clearly satisfies Wq o (p^^^r^ > 1) = 1; 
hence the convergence is neat. In order to prove Theorem 13. H it remains 
to identify the limit with the Brownian meander. This can be done by 
computing the limit of the finite-dimensional distributions of the laws W^^ 
which are easily derived from a classical formula for the joint distribution of 
Brownian motion and its minimum. We do not give further detail since no 
expression of these finite-dimensional distributions will be needed in what 
follows. 

3.2. Brownian motion conditioned to stay in a half-space. Theo- 
rem 13.11 can easily be extended to multidimensional Brownian motion con- 
ditioned to stay in a half-space. Let d>2. Because of invariance properties 
of d-dimensional Brownian motion we need only to study the case of the 
half-space D = {x G : xi > 0}. Let BM be a Brownian meander and 
ii?2, • • • , -B(i be one-dimensional Brownian motions such that BM^ B2, ■ ■ ■ , Bd 
are mutually independent. The d-dimensional process {BM, B2, ■ ■ ■ , Bd) will 
be called D-Brownian meander and its law will be denoted by W^^. 

Corollary 3.4. Asx(^D ^Q, W^^^ W^^. 

Proof. A Brownian motion conditioned to stay in the half-space is a Brow- 
nian motion whose first coordinate is conditioned to stay positive. Since the 
coordinates are independent one-dimensional Brownian motions, the result 
follows immediately from Theorem 13. 11 □ 

Remark 3.5. Ij^is clear from the definition of the D-Brownian meander 
that it satisfies W^i{td > 1) = 1; thus the convergence in Theorem 13.41 is 

neat and Wq\ has the Markov property of Proposition 12.41 Moreover, since 
D is a cone, it follows from Remark 12.51 that we also have a zero-one law 
with respect to W^i- 

4. Preconditioning 

We shall now use the results of Section [3] in order to obtain a convergence 
theorem for the Brownian motion conditioned to stay in a set satisfying 
some regularity and convexity assumptions (Theorem 14. Th . Section 14.11 in- 
troduces the idea of preconditioning and explains how it can be applied to 
the convergence problem. The proposed method requires an estimate that 
is studied in Section 14. 2[ This finally leads us to introduce the class of nice 
sets for which we solve the convergence problem in Section [4.31 



4.1. Changing laws for the convergence problem. Let U C be a 

co-regular open set with G dU. Recall that the definition of W^^ by the 
formula 

^''^ ' W,{tu > 1) ' 
does not make any sense for x = since Wq{tu > 1) =0. 
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Now suppose [/ is a subset of the half-space D. Then a Brownian motion 
conditioned to stay in U is also a Brownian motion conditioned to stay in 
D and then conditioned to stay in U , that is: 

(2) wU') = W-i,\r.>^ "^'^--^^'^ 



Wfjn, > 1) 

This simple identity is what we call preconditioning, for if we take it as a 
definition, it is the same as before except we have changed the initial law 
of the paths {Wx ^i^i) which are now preconditioned to stay in D. The 
gain is that, although Wo{tij > 1) = 0, we might have W^i{tij > 1) > if 
the boundary of U is smooth enough at 0. If Wq^i{tij > 1) > 0, we will set 

(3) W^^^{*):=Wo'^^{*\tu>1) . 

It follows easily from the Markov property of that the condition 

W^iiru > 1) > is satisfied ifW(^^{Tu > 0) = 1, that is if is H^J^i-irregular 
for V^. In [3J, Corollary 3.1, Burdzy gives an irregularity criterion relative 
to the D-Brownian meander. The next lemma is an easy consequence of his 
result: 

Lemma 4.1. If B is a ball with radius r > and center at (r, 0, . . . ,0), 
then W^iiTB > 0) = 1. 

In particular, if there exists an open ball B tangent to dD at and such 
that B CU C D, then W^iim > 0) = 1. Thus the law W^-^ can be defined 
by relation We point out the fact that applying Burdzy criterion to a 
proper cone C C D with vertex at the origin gives Wq^i{tc > 0) = 0; hence 
a law can not be defined directly. 

Suppose U is such that Wq'i{tu > 1) > 0. The question we then have to 
answer is the following: Does the convergence W^^ W^^ imply that 

W^,ii* \tu>1)^ Wo^ii* I Tf/ > 1) ? 
Unless U is locally linear at 0, this can not follow directly from the con- 
tinuous mapping theorem, since tu is Wif^-almost surely discontinuous. To 
overcome this problem we will use an estimate that we present in next sec- 
tion. 

4.2. The ball estimate. Fix d > 2. We shall note Xi{t),... ,Xd{t), the 
coordinates of the canonical process X{t). Let D be the half-space {x S 
: xi > 0} and B the open ball with center at ei = (1,0, ...,0) and 
radius 1. Let E be the set of all {d — l)-uples (e2, . . . , e^) with = ±1. 
For all e = (e2, . . . , e^) G let e = (— e2, • • • , —^d) be the opposite of e. 
We define a familly of 2"^"^ disjoint subsets of D indexed by E by setting 
-De = {x G D : €2X2, . . . , edXd > 0}. Let H be the hyperplane {xi = 1} and. 
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for all X S M'^, let B{x) be the open ball with center at x and radius 1. The 
next lemma is straightforward: 

Lemma 4.2. If x e D^n H, then B{x) r\BT\D-^ = %. 

We now come to the estimate which is the heart of this section: 
Lemma 4.3. lim^-^o 1™ sup;^_^o ^Aei li'^B < s) = 0. 
Proof. We will show that 

(4) hm sup W^,^ 1 {tb <s)< 2''-^ W^^ {tb < s) 

for all s > 0, and the lemma will then follow by letting s — > since Wqi{tb = 
0) = (Lemma SJJ. For A > 0, set 

Ta = inf{t > : Xi{t) = A and Xi{s) > 0, Vs G {t,t + 1]} 

and consider the process Z\ defined by 

Vt>0, Zx{t) = X{Tx + t)- X{Tx) + \ei . 

By independence of the coordinates Xi, . . . , X^^, and Lemma [3T3l the process 
Z\ has the distribution W^^^ ^ with respect to Wq. Write 

(5) Wo{tb{Zx)<s) < WQ{TB{ZQ)<s + Tx-n) 

+Wo{TB{Za) >s + Tx-To; tb{Zx) < s) . 

For convenience, we set u = tb{Z\). If tb{Zq) > s + Tx — Tq and u < s, 
then Zo{u + Tx — Tq) = X{Tx + u) — X{Tq) belongs to B; this means that 
Zx{u) belongs to 5(1^); where we have put 

Yx = X{To)-X{Tx) + {l + \)ei 

= {l,X2{To)-X2{Tx),...,X4To)-Xa{Tx)) . 

Note that Yx G H. Since Zxiu) B, we see by Lemma [32] that Zxiu) ^ Dj 
as soon as 1a S -D^. Therefore 

Wq{tb{Zq) >s + Tx-To; tb{Zx) < s) 

< Wo{Yx G A; TBiZx) < s; Zx{u) i Dj) . 

Now, it is easily seen that 1a is independent of Zx conditionally to Xi. In 
addition, we have Wo{Yx £ D^\ Xi) = 1/2'^- ^ Thus 

WoMZo) >s + Tx- To;tb{Zx) < s) 
^ ^ E WoMZx) < s; Zx{u) i Bi) 

= '^\!i.~,^ Wo{TB{Zx)<s). 

Combining this inequality with equation ^ gives 

Wo{tb{Zx) <s)< 2^^-! Wo{tb{Zo) < s + Ta - Tq) 
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and the result follows by letting A ^ since limA^o = almost surely 
(Lemma [32]) • □ 

Remark 4.4. Note that the proof of Lemma [4.31 does not involve the "size" 
of B. Hence the result holds for any open ball that is tangent to dD at 0. 

4.3. Application to nice sets. In this section, we introduce the notion of 
nice sets and solve the convergence problem for those sets. 

4.3.1. Convergence with variable sets. For any set U C and any e > 0, 
put U,+ = {x gR'^ : d{x,U) < e} and U,- = {x £ U : d{x,U^) > e}. If 
([/„) is a sequence of subsets of M'^, we will say that converges to U 
and write Un ^ U if for all e > there exists a uq such that 

n > no ^ U^- CUnC . 

Let D be the half-space {x G M'^ : xi > 0} and let B be an open ball tangent 
to dDatO. Set ei = (1, 0, . . . , 0). 

Proposition 4.5. Let U be an open co-regular set such that B C U C D 
and let {Un) be a sequence of sets such that: 

(i) For all n, B cUn C D; 

(ii) For all R>0, UnnB{0,R) -^UnB{0,R). 

Then, for all sequence (A^) of positive numbers converging to 0, 

Proof. Set Xn = A„ei. Since W(f\(rc/ > 1) > VF(Pi(tb > 1) > 0, it suffices to 
prove that 

(6) lim WZ,i{f;ru„ > 1) = Wo^^Af^ru > 1) 

for all bounded continuous function / : Coo — > R- 

First suppose Un U . Since each set Un contains the ball B, we have 

(7) lim lim sup W^„,^{tu^ < s) = 

by Lemma [4.31 As Shimura does in [6], Proof of Lemma 4.1, we fix s € (0, 1) 
and put r^^ = inf{t > s : At ^ [/„} and = inf{t > s : Xt ^U}. If M is 
a bound for |/|, then 

< rf„,i(/;T^„>l)-W^J^i(/;r^>l)| 
+M (w^„4tu„ <s) + Wo'^.iru < ^)) . 

Hence §1 will follow from ([7]) and the fact that W^iim = 0) = if we 
prove that 

(8) lim WZ,i{f;rl,^ > 1) = W,^i{f;rlj > 1) 
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for all s £ (0, 1). To do this, let us introduce also the random time = 
mi{t > s : Xt ^ U} and set = {r^ = / 1}. We shall first prove that 
W^i{Q,) = 1. By the Markov property we have 

Wo'^iirl, = 1) = Wo^, (X, G U; W^^^.^ru = 1 - .)) = 

because W^{tu = l-s) = for ah x G M'^ (see 0, Theorem 4.7). We have 
also 

= Wi^AXs (^U-r{j< ri) + W^o^,(X, ^U-s< r^) 

= (X, E [/; W^£,i_,(rc/ < r^)) + W^^, [x, E 5C/; W^£,i_,(r^ > 0)) 

= 

since W^{tu < r^) = for all x E M"^ and VFxC-Tfj > 0) = for all x e dU 
(remember that U is co-reg ular). Hence W^^{Q) = 1. 

Now, since Un — > U , it is easily seen that for all E and every sequence 
{wn) E Coo such that Wn ^ w, 

Hence ([8]) follows from the continuous mapping theorem ([2], Theorem 2.7) 
and we have ([6]) when 

Now we turn to the general case, that is we consider the local conver- 
gence hypothesis (ii) of Proposition 14.51 Fix e > and choose R > such 
that W^c^i (r5(o,fl) > 1) ^ 1 — By the continuous mapping theorem, it is 
easily seen that lim^^oo i(tb(o,_r) > 1) = W^i{tb(o,r) > 1). Therefore 
W^„^i{tb(o,r) > 1) > 1 - 2e for all large enough n. Set = n B{0,R) 
andU' = UnB{0,R). Then 

\wZ,i{f;rur.>i)-w,'^Af;ru>i)\ 

< \wZ,iif;ru^ > l)-Wo'!iif;Tu' > 1)1 +3M6 
where M is a bound for |/|. By hypothesis ^ U' , hence 

limsup|t^^f„,i(/;rc/. > 1) - W^o^i(/;tc/' > 1)| = 

n 

by the first step of this proof. Therefore 

hmsup \W^^^,{f; Tu^ > 1) - Wq^.U; w > 1)\ < 4Me 

n 

and the desired result follows by letting e ^ 0. □ 



BROWNIAN MOTION IN A CONE 



11 



4.3.2. Nice sets. Let U be an open subset of M'^ and xq a boundary point of 
U. We will say that U is nice at xq if there exist a neighborhood V of xq 
and a number r > such that the following conditions are satisfied: 

(1) For all X £ dU H V there exists a half-space Dx D U such that: 

• The ball i?^ C with radius r which is tangent to dDx at x 
is contained in U; 

• The application c which maps x to the center c{x) of the ball 
Bx is continuous at xq. 

(2) For all y G U f\V such that d{y,dU) < r/2, there exists a point 
X = p{y) G dU n y such that: 

• y G (a:,c(x)]; 

• The mapping y ^ p{y) is continuous. 

Remark 4.6. One can check that regularity and convexity assumptions 
ensure the property of being a "nice set" . If the open set U is convex and 
has a boundary of class in a neighborhood of xq then the set U is nice 
at Xq. 

Suppose U is nice at xq. With the above notations, for any x G dU n V , 
the point x + c(xo) — c(x) belongs to the boundary of the ball Bx^; thus 
we can choose a planar rotation Rx with center at c(xo) and such that 
Rx{x + c(xo) — c(x)) = Xq. Note that the angle of Rx tends to as x — > xq, 
since c(x) c(xo). Set <f)x{y) = Rxiu + c(xo) - c(x)) and [4 = (pxiU)- 
Then it can be seen that 

(9) Bx, C Ux C Dx, 
and 

(10) UxnB{0,R) ^UxanB{0,R), asx^xo, 
for all i? > 0. 

Theorem 4.7. Suppose U is co-regular and nice at xq. 
Then, as x gU ^ xq, we have Wxi =^ ^xo,i- 

Proof. For y close to xq, set x = Since y belongs to (x, c(x)], the point 
q{y) = (j)x{y) belongs to (xo,c(xo)]. Moreover, q{y) tends to xq as y — > xq. 
Thus, from ([9]) and (fTO|) together with Proposition 14. 5^ we obtain 

^ ^-""ci' asy^xo. 
Now by the invariance properties of Brownian motion, we have 

Since (px tends to the identity mapping as x — > xq, uniformly on compact 
subsets of M*^, it follows from the continuous mapping theorem that 

W^o,i^ as y ^ XO . 

□ 
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5. Proof of Theorem 11.11 

Let d > 2 and let C C M*^ be an open cone with vertex at 0. We will say 
that C is a nice cone if it is nice (see 14.3. 2p at any point of its boundary, 
excepting 0. For example, any two-dimensional convex cone is nice. In 
higher dimension, any circular cone or ellipsoidal cone is nice. 

We note two important facts about nice cones: 

(1) If C is a nice cone, then it is a Lipschitz cone; 

(2) If C is a nice cone, dC is a null set with respect to Lebesgue measure. 

The proof of the first one is elementary but quite tedious, so we omit it here. 
Note that the second fact is a consequence of the first one. 

The following lemma which is an immediate consequence of Theorem 14.71 
will play an important role in the rest of this article. 



Lemma 5.1. Suppose C is a nice cone. Let xq E dC \ {0} and tQ > 0. As 



{x,t) ^ {xoM), W^, WS,^^^ o K-i 



Proof. By the scaling property of (Remark l2.5p . we have W^i = ^° 

K^^ . The result simply follows from Theorem 14.71 together with the contin- 
uous mapping theorem. □ 

5.1. Convergence of the finite-dimensional distributions. We will 
prove in this section that the finite-dimensional distributions of W^-^ con- 
verge weakly as x E C — > 0. Recall that for any t E (0, 1] the law 
W^i{Xt E dy) has the density ex{t,y) given by 

By using an expansion of the heat kernel [t, x, y) of C given by Bahuelos 
and Smits in [1], we shall prove that ex{t,y) converges to a limit density 
e{t, y), as X £ C ^ 0. 

Before we recall their result, let us introduce some notations. Let be the 
intersection of the cone C with the unit sphere SS'^~^ and assume that it is 
a regular set for the Dirichlet problem with respect to the Laplace-Beltrami 
operator L on SS'^~^. Then there exists a complete set of orthonormal 
eigenfunctions mj with corresponding eigenvalues < Ai < A2 < A3 < • • • 
satisfying 

J Lruj = —XjUij on ; 
I m, =0 on 80 . 



Set aj = + - If. We will use the following facts that are proved 
inP : 

• there exist two constants < ci < C2 such that 



1 1 



(11) Vi > 1, cijd-i < aj < C2j''-^ 
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• there exists a constant c such that 

(12) Vj>l, WmjWoo < caj^ ; 

• if C is a Lipschitz cone, then there exists a constant c' such that 

(13) Vj>l,V??G0, m2(,?) < ^^^TT ' 
where Ii, is the modified Bessel function of order v : 



2{-Y 

(14) 4(x) = ^ — / (sint)2''cosh(xcost)(it 

^/^TT{ly+ i) Jo 

oo 

= E 



2) Jo 



mlTiv + m + 1) 



Then we have the following lemma : 

Lemma 5.2 ([1], Lemma 1). Write x = p9, y = rrj, p, r > 0, 9, r] G 0. 

We have 

p^it,x,y) = ^ I (^) mj{e)mj{vi) , 

t{pr)^ ■ ' ^ ^ 



where the convergence is uniform for {t,x,y) G [T,oo) x {x £ C : \\x\\ < 
R} X C, for any positive constants T and R. 

Together with the expression of /q^. , this suggests that {t,x,y) is equiv- 
alent at a; = to the product g{x)h{t,y) where 



5(a;)=p°i (2 i)mi(0) and h{t,y) = 2Zr(ai + l)t"i+i "^^^^^ ' 
In fact, we have the following : 

Lemma 5.3. For x = p9, y = rrj, p, r > 0, 9, r] £ 0, we have 

pf^ (t , X , y\ 
P^o g[x) 

uniformly in {t, r, 9, ij) £ [T, 00) x [0, i2] x x 0, for any positive constants 
T and R. 

Proof. Throughout this proof, the letter k will denote some positive constant 
whose value may change from line to line. 
Set M = f . We have 

P'^jt^x^y) i.^ Ia,{M)m^{9)mM 
g{x)h{t,y) Z-' mi{9)mi{'q) ' 



Using relation (fT3]) . we get 

Ia,[M) mj{9) mjiri) 



M"i mi{9)mi{ri) 



- M°i /„,(1) 
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Now, using the integral expression for Iq^. , we see that 

la AM) 



la AD 



< coshM 



Hence 



Iaj{M)mji0)mj{r]) 



< kM"^-"i coshM . 



M°^i mi{e)mi{ri) 

From relation (|lip . it is easily seen that the series M"^~"^ cosh M is 
uniformly convergent on [0, 1 — e]- So, the series 



M°i mi{9)mi{T]) 



is uniformly convergent for (M, 6,7]) £ [0,1 — e] x x 0. Therefore we can 
take the limit term by term to obtain 



1 



la AM) m,{9)m,{r]) ^ 

w^o^ M"i mi{0)mi{ri) 2"ir(ai + 1) 



M 



where the convergence is uniform for {9,r]) € x 0. 
Lemma 5.4. The function of y 

p^{l,x,y) 



□ 



sup 

ll-ll<l 



is integrable on M.'^. 

Proof. Using relations ([T2|) and p^ . we get 

X, y) 



9{x) 



mj(6') 



mi(^) 



niAri) 



< 



2 p j=i laj U 



2 



Set Wq^. = Jq^ (sint)^"-' dt. Using the integral expression for la^, we find that 



"•^ } < Kcosh(pr) , 



Since Jq^ (sint)^"(it ~ cn 2 as n ^ 00, we have uJa^ ~ ca^- ^ as j ^ 00. 
From Stirling's Formula we also get T{aj + ^) > caj^e""-'. Thus, 



la. (pr) 



- < Kcosh(pr) 



a,/2 



a 
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Therefore, 



(15) 



9{x) 



e 2 

< K— 1 cos 



r 2 p' 



h(pr) 



2d-3 
4 



Since aj > oi, the right-hand side of (jlSp is increasing with /?, so 



sup 

2 



p'^(l,x,y) 



< K 



e 2 



d 

r 2 



-coshQ^ 



2d-3 



a 



Because Oj > ( f — l) , the function / is integrable on any compact subset 
of [0, +00). We shall now find an upper bound for the sum that appears in 
the definition of / for large values of r. Let M >1. For 2n < < 2n + 1, 
we have 



2d-3 

a- * 

a ■ 

3 



2n+l 



[2n + l) — 



M(MV2)" 



{2ny 



(2n + 1) — 



Since a-j > cij<*-i , the number of indices j for which Oj < 2n + l is bounded 



by 



2n+l 

Cl 



Thus, there exists K = K{d) > such that 



2d-3 

4 



00 4 00 l<- 

(X ■ Tt 



n=l 



where P is a polynomial. Applying this result with M = and r > 2^J2|e 
gives 



/(r) < K 



g-(l-e/8)V ^ 

— P(r)cosh (- 

f2 ^ ^ 



where P is a polynomial whose coefficients depend only on d. This is suffi- 
cient to conclude the proof of Lemma 15.41 □ 

Recall that 

Lemma 15.31 suggests that the limit as x ^ is the function 

h{t,y) 



-Wy{TC >l-t). 



By integrating in polar coordinates, it is easily seen that 



h{l,z) dz = 2~- 



c 



r(ai + l) 



mi{rj) (T^drj) 
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where a is Lebesgue measure on the unit sphere SS'^~^. Put 

-, d_2 /ai d + 2\ f , ^ , 

c-i = 2-+— r (^^ + ^ j j^rm{rj)a{dv) . 

Then, for y = rr], we get 

(16) e{t, y) = ct~"i- V"i-(i-^)e-"'/2t^^(^) ^^(^^ > I - t) . 
We have the following result: 

Lemma 5.5. For any t E (0, 1], the function e{t,y) is a probability density 
and ex{t,y) — > e{t,y) as \\x\\ — > 0. 

Proof. We shall first prove that the the family {ex{t,y) : ||x|| < 1} is equi- 
integrable, that is 

(17) lim sup W^fidl^tll > R) = 0. 

R^'^\\x\\<i 

Let X G C with ||x|| < 1 be given, and let R > 2. We denote hy p = T5(o,2) 
the first exit time from the ball -6(0, 2). A continuous path started at x that 
is outside -6(0, R) at time t must have left -6(0, 2) before that time, so 

W^^,{\\Xt\\>R) 

= W^^,{p < t;W^^^,_^{\\Xt-s\\ > R)is=p) 

< sup{w^^^_,{\\Xt-s\\ >R):yeC, \\y\\ = 2 and s e [0,t]} . 

Suppose the last expression does not tend to as -R ^ oo; then there exist 
a sequence (?/„) E C with ||y„|| = 2 and a sequence (s„) G [0,t] such that 

(18) liminf Ty^^„,i_,J||Xi_,J| > n) > . 

Without loss of generality, we may suppose that (y„) converges to a point 
y £ C with ||y|| = 2, and that (s„) converges to s S [0,t]. But Lemma ET] 

(or Proposition 12.21 if y £ C) then implies that (Wy^^ i_g^{Xt-.s„ G dy)^ is a 

convergent sequence of probability measures : this contradicts (jlSp . Thus, 
equation (fT7|) is proven. 

It follows from Lemmas 15. 3| 15.41 and the dominated convergence theorem 
that 

r p'^fl, X, z) dz I' , 

(19) lim ^ ^ \ ' — = h{l,z)dz. 

llx'lHo g{x) J 

Since 

p^{t,x,y) g{x) ^ 1 +^ 

^^■^''^^ = g(x) /p^(l,x,.)ciz ^^^"^ 

we deduce from Lemma 15.31 and relation (fT9l) that ex{t,y) — > e{t,y), as 
||x|| — > 0, uniformly on G C : ||y|| < -R}, for any positive constant R. 
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Thus, it follows from (fTTI) and the integrability of e{t, y) that 

limsup / \ex{t,y) - e{t,y)\ dy = . 
il^iHo J 

This proves that the function y i— > e(t, y) is a probability density. □ 

Proposition 5.6. The finite- dimensional distributions of W^i converge 
weakly as x G C tends to 0. Moreover, the limit distribution of the first 
transition law W^i{Xt G dy), t G (0,1], has the density e{t,y) given by 
equation (fT6]) . 

Proof. It follows from Lemma 15.51 that the laws W^i{Xt G dy) = ex{t,y) dy 
converge weakly to e(t, y) dy as x G C tends to 0. The weak convergence of 
the finite-dimensional distributions then follows from Proposition 12.31 since 
dC has Lebesgue measure 0. □ 

5.2. Tightness. For any T > 0, the space Ct of continuous paths w : 
[0, T] — is endowed with the topology generated by the supremum metric 
and the corresponding Borel cr-algebra. 

Proposition 5.7. For any sequence of points of C converging to and 
for any T > 0, the sequence of probability measures {W^^ i) is tight in Ct- 

Proof. Our proof is a modification of Shimura's one for the two-dimensional 
case ([7], Theorem 2). Since the arguments do not depend on the value of 
T, we will only consider the case T = 1. It suffices to prove that, for all 
e > 0, 

lim limsup Tyf„,i(x(5,0, 1) > e) = , 

where xi^T'^Tb){ui) = sup{||?i;(s) — w{t)\\ : \s — t\ < 6, s,t £ [a, ^]} is the 
modulus of continuity of order 6 of vu on [a, b] (see Billingsley [2], Theorem 
7.3). 

Fix e > and set s = 1/2. Since xi^^ "j ") is subadditive when considered 
as a function on the set of intervals, we have 

W^^^AxiS, 0, 1) > 4e) < W^^, (x(<5, 0, s) > 3e) + W^^^, (x(5, s, 1) > e) . 

^ V ' ^ V ' 

Let us start with Bn{d). It follows from Proposition 15.61 that 
lim liminf lyf . (r < IIXJI < R) = I . 

Hence we can fix a > and choose < r < R such that 
inf 1 (r < \\Xs\\ < R) > I - a . 

We then have 

Bn{d)<W^^^, {r<\\Xs\\<R;x{S,s,l)>e) + a, 
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So, by the Markov property, 

Bn{5) < W^^^,{r<\\Xs\\<R-,Wl^,_M^O,l-s)>e))+a 

< sup ^Wy ,. 0,s) > e)) : y £ C and r < ||y|| < i?| +a . 

V ' 

D{S) 

Now, if D{6) did not tend to as (5 goes to 0, then we could find a se- 
quence ((5„) converging to and a sequence (y„) of points of C converging 
to a point y £ C \ {0} such that hminf„ (x(5n;0,s) > e) > 0, which 

would contradict the weak convergence of the sequence of probability mea- 
sures {Wy^^^ (Lemma 15.11 or Proposition 12.21 if y £ C). This proves that 
lim^^o limsup^ Bn{5) < q, and letting a — > then gives 



lim limsupi?„(5) = . 

We now turn to An{5). Let p = ''"B(o,e) be the exit time from the ball 
-6(0, e) with center at and radius e. Since the modulus of continuity of a 
path w is less than 2e as long as it has not left the ball .6(0, e), we have 

rC 



An{S) < {p < s; x{S, P,s)>e 

X{p),l-p 



< WZA{p<s;W^,^,,_(x{W)>e] 



limsup^„((5) < sup{W^i(x(5, 0, 1) > e) : y G C, ||y|| = e and t e [s, 1]} . 



Hence 

'tC 

n— >oo 

In the same way as above, we then get limsup^ An{5) = 0, which is sufficient 
to prove Proposition 15.71 □ 

Together with Proposition l5.6l Proposition 15 . 71 proves that W^i converges 
weakly on every Ct, T > 0, as x G C tends to 0. This is equivalent to weak 
convergence on Coo; thus Theorem 11.11 is proven. 

The limit law will be denoted by Wqi and called the law of C-Brownian 
meander. In view of Theorem ll.il we shall interpret the C-Brownian mean- 
der as a Brownian motion conditioned to stay in C for a unit of time. 

5.3. Some properties of the C-Brownian meander. Since Wq'^(Xj G 
dy) has a probability density e(t, y) for each t G (0, 1), it follows from Propo- 
sition [23] that Wq-^{tc > 1) = 1 and that the C-Brownian meander satisfies 
the following Markov property: For all t > 0, ^ G Ft+ and B G J^, 

W^^,{A;St'B) = W^^, (^A;Wg^,^^{B) 

The C-Brownian meander starts from the vertex of the cone C and stays 
in it for a unit of time. The law of its exit time from C after time 1 is given 
in the next proposition. 
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Proposition 5.8. For any t > 1, we have 

Proof. By the Markov property, we have 

W^A-rc >t) = W^i (Wx, {Tc>t- 1)) = ^ e(l, y)Wy{Tc >t-l)dy. 

With the change of variables y = \/tu, the last integral becomes 

e(l, \/tn)W^„(rc >t-l)t^du. 

But W^^{tc > t — 1) = Wu{tc > 1 - by the scaling property of 
Brownian motion, and from relation (jl6p p. [16] it is easily seen that 

e{l,Vtu)Wu{Tc > 1 - lA)*^ = t~^+^e{l/t,u) . 

The expected result follows from the fact that e{l/t,u) is a probability 
density. □ 
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